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Abstract
In this note, we compute the virtual first Betti numbers of 4–manifolds
fibering over S1 with prime fiber. As an application, we show that if such
a manifold is symplectic with nonpositive Kodaira dimension, then the
fiber itself is a sphere or torus bundle over S1. In a different direction,
we prove that if the 3–dimensional fiber of such a 4–manifold is virtually
fibered then the 4–manifold is virtually symplectic unless its virtual first
Betti number is 1.
1 Introduction
Given a manifold M , the virtual first Betti number of M is defined to be
vb1(M) = max
{
b1(M˜)
∣∣∣M˜ is a finite cover of M } ∈ Z≥0 ∪ {∞}.
Virtual first Betti numbers naturally arise in many geometric and topological
problems. In many cases vb1 is ∞. A classical result of Kojima [21] and Luecke
[26] says that 3–manifolds with nontrivial JSJ decompositions have infinite vb1.
The recent progress on the Virtually Haken Conjecture [1] yields a complete
computation of vb1 for 3–manifolds. For simplicity, we only state the result for
closed irreducible 3–manifolds.
Theorem 1.1 (Agol et al.). Suppose that Y is a closed irreducible 3-manifold,
then there are three cases:
(1) If Y is a spherical manifold, then vb1(Y ) = 0;
(2) If Y is finitely covered by a T 2–bundle over S1, then vb1(Y ) is equal to
1
either 1, or 2, or 3, depending on whether the monodromy of the T 2–bundle is
Anosov, or reducible, or periodic;
(3) In all other situations, vb1(Y ) =∞.
The virtual Betti numbers for 4-manifolds which fiber over 2–manifolds were
subsequently computed in [4] and [14]. In [4], the virtual Betti numbers for
most 4−manifolds which fiber over 3–manifolds were also shown to be ∞. In
this paper, we will study the problem for 4-manifolds which fiber over S1, that
is, 4–manifolds which are mapping tori.
All manifolds we consider are oriented unless otherwise stated. If E is an
F–bundle over B, then we denote E = F ⋊B. If B = S1, ϕ is the monodromy,
then E = F ⋊ϕ S
1.
Our first theorem is a complete computation of vb1 for X = Y ⋊ S
1 with Y
prime.
Theorem 1.2. Suppose that X is a closed 4-manifold which fibers over the
circle with fiber Y . Assume that Y is prime, then there are three cases:
(1) If Y is a spherical manifold, then vb1(X) = 1;
(2) If Y is S1×S2 or finitely covered by a T 2–bundle over S1, then vb1(X) ≤ 4;
(3) In all other cases, vb1(X) =∞.
The vb1 in the above Case (2) is not hard to compute, so we leave it to the
reader.
Remark 1.3. Since Euler characteristic and signature of mapping tori are both
zero (and since both are multiplicative under coverings), we can conclude that,
as in [4], whenever vb1 =∞ the virtual b
+ and b− are infinite as well.
Although our Theorem 1.2 considers a different class of fibered 4–manifolds
from [4] and [14], there is a significant overlap. When the 4–manifold X is a
surface bundle over T 2, it also admits a fibration over S1. On the other hand,
if X admits a fibration over S1, in many cases (see [5]) X is finitely covered by
a surface bundle over T 2. The case of our theorem that is not covered by [4]
and [14] is that Y has at least one Seifert fibered JSJ piece.
Suppose X4 = Y 3 × S1. It is a classical theorem of Thurston [35] that if
Y fibers over the circle then X has a symplectic structure. Friedl and Vidussi
[10] proved the converse of Thurston’s theorem, namely, if X has a symplectic
structure, then Y fibers over the circle.
Friedl and Vidussi [11, 12, 13] also studied the question when a symplectic
manifold X4 is a circle bundle over Y .
In this paper we study the following question.
Question 1.4. Which symplectic 4–manifold X fibers over the circle with fiber
a connected 3–manifold Y ?
An immediate consequence of Friedl and Vidussi’s theorem [10] is that Y is
fibered if the monodromy of X is of finite order. One may guess that Y fibers
over S1 for any monodromy of X . However, the next example shows that this
is not the case.
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Example 1.5. let N be a 3–manifold which fibers over S1 in two different
ways, pi : N → S
1, i = 1, 2. Here “different” simply means that [F1], [F2] are
linearly independent in H2(N), where Fi is the fiber of pi. We also assume that
g(Fi) > 1. There exists a cohomology class e ∈ H
2(N) such that e([F1]) = 0
but e([F2]) 6= 0. Let q : X → N be the circle bundle over N with Euler class
e. Then pi ◦ q, i = 1, 2, are two different fibrations of X over S
1. Let Yi be the
fiber of pi ◦ q, then Yi is a circle bundle over Fi with Euler class e([Fi]). Since
e([F1]) = 0, from the fibration p1 ◦ q we can construct a symplectic structure
on X [6, 9, 2, 12]. As e([F2]) 6= 0, Y2, the fiber of the second fibration, is not a
surface bundle over S1.
The connection between vb1 and Question 1.4 is via symplectic Kodaira
dimension κ(X) (see Section 3). It is easy to see that the Kodaira dimension of
X is at most 1. A theorem of Li [23] and Bauer [3] asserts that vb1(X) ≤ 4 if
the Kodaira dimension of X is zero.
Using Theorem 1.2, we can answer Question 1.4 when κ(X) ≤ 0 and Y is
irreducible. We have the following classification.
Theorem 1.6. Suppose that X = Y ⋊ S1 is a symplectic 4–manifold and Y is
prime. If κ(X) = −∞, then Y = S2 × S1 and X = S2 × T 2. If κ(X) = 0, then
Y is a T 2–bundle over S1 and X is a T 2–bundle over T 2.
In a different direction, Baykur and Friedl [5] studied the question when a 4–
dimensional mapping torus is virtually symplectic, namely, finitely covered by a
symplectic manifold. Using deep results about virtual fibration of 3–manifolds,
they proved that if Y is irreducible and the JSJ decomposition of Y has only
hyperbolic pieces, then X = Y ⋊ S1 is virtually symplectic. We will prove a
more general virtual symplecticity theorem.
Theorem 1.7. Suppose that a closed 3–manifold Y is finitely covered by F⋊S1,
X = Y ⋊ S1.
(1) If g(F ) = 0, then X is virtually symplectic and vκ(X) = −∞, where vκ
is the virtual Kodaira dimension defined in Section 3.
(2) If g(F ) = 1, then X is virtually symplectic if and only if vb1(X) ≥ 2.
Moreover, if vb1 ≥ 2 then vκ(X) = 0.
(3) If g(F ) > 1, then X is virtually symplectic with vκ = 1.
By [1, 32], most irreducible 3–manifolds are virtually fibered except some
graph manifolds (including some Seifert fibered spaces) [30]. On the other hand,
if Y is not virtually fibered, and ϕ : Y → Y is periodic, then by [10] Y ⋊ϕ S
1 is
not virtually symplectic.
This paper is organized as follows. In Section 2, we prove Theorem 1.2.
Most of the argument is an application of Theorem 1.1. When the fiber has a
nontrivial JSJ decomposition, we apply results of Kojima [21]. In Section 3, we
review the definition of symplectic Kodaira dimension, then we finish the proof
of Theorem 1.6. In Section 4, we prove Theorem 1.7 using Luttinger surgery.
In Section 5, we discuss the case that the fiber is reducible.
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2 Virtual Betti number
2.1 Preliminary on mapping tori
We will use two methods to construct finite covers of a mapping torus X .
The first method is obvious: The mapping torus of fk : Y → Y is a cyclic
cover of the mapping torus of f : Y → Y .
The second method requires the construction of finite covers of Y .
Lemma 2.1. Suppose X is a mapping torus with fiber Y , and pi1(Y ) is finitely
generated. Suppose Y˜ is a finite cover of Y , then there is a finite cover X˜ of X ,
such that X˜ fibers over the circle with fiber Y˜ .
Proof. Suppose f : Y → Y is the monodromy of X , f∗ : pi1(Y )→ pi1(Y ) is the
induced map. Let d = [pi1(Y ) : pi1(Y˜ )]. Since pi1(Y ) is finitely generated, it
has only finitely many index d subgroups. So there exists an n ∈ N such that
fn∗ (pi1(Y˜ )) = pi1(Y˜ ). Let Xn be the n–fold cyclic cover of X dual to Y , then
pi1(Xn) = 〈pi1(Y ), t| txt
−1 = fn∗ (x), ∀x ∈ pi1(Y )〉.
Let X˜ be the cover of Xn corresponding to the subgroup generated by pi1(Y˜ )
and t. Since the conjugation by t fixes pi1(Y˜ ) setwise, we conclude that
pi1(X˜) = 〈pi1(Y˜ ), t| tyt
−1 = fn∗ (y), ∀y ∈ pi1(Y˜ )〉.
X˜ is the cover we want.
The following observation is useful in our proof.
Lemma 2.2. Suppose Y = F ⋊B, f : Y → Y is a fiber-preserving map, hence
f induces a map f : B → B. Then Y ⋊f S
1 is an F–bundle over B ⋊f S
1.
Proof. Let p : Y → B be the fibration of Y . Since f is fiber-preserving, we have
p ◦ f = f ◦ p. (1)
The mapping tori of f, f are
M = Y × [0, 1]/(x, 1) ∼ (f(x), 0), M = B × [0, 1]/(y, 1) ∼ (f(y), 0).
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Using (1), we can verify that the fibration
p× id : Y × [0, 1]→ B × [0, 1]
induces a fibration
M →M,
which is an F–bundle.
In the rest of this section, X4 = Y ⋊S1, and Y is prime. By the Geometriza-
tion Theorem, either Y is geometric or Y has a nontrivial JSJ decomposition. If
Y is geometric, namely, Y supports one of the eight Thurston geometries, then
Y is either covered by a torus bundle over S1 with Anosov monodromy, or a
Seifert fibered space, or hyperbolic. Below we will discuss these cases.
2.2 Quotients of torus bundles
If Y is covered by a torus bundle over S1, then any finite cover of Y is
also covered by a torus bundle over S1. So any finite cover of X is covered by a
mapping torus whose fiber is a torus bundle over S1. It follows that vb1(X) ≤ 4.
2.3 Hyperbolic manifolds
If Y is hyperbolic, then the mapping class group of Y is finite. So X is
covered by Y × S1. By Theorem 1.1 we know vb1(X) =∞.
2.4 Seifert fibered spaces
The following fact can be found in [33].
Proposition 2.3. Any Seifert fibered space is finitely covered by a circle bundle
over an oriented surface.
The next lemma is elementary.
Lemma 2.4. If Y = S1 × S2, then X = Y ⋊ S1 is covered by S2 × T 2.
Proof. After iterating the monodromy f we may assume f∗ = id on H2(Y ),
then f is isotopic to the identity, (see, for instance, Lemma 3.2). Hence X is
covered by S2 × T 2.
The following theorem is well known, see the Theorems 3.8, 3.9 and the
discussion in the end of Section 3 in [33].
Theorem 2.5. Suppose that M is a compact orientable Haken Seifert fibered
space whose base has negative orbifold Euler characteristic. Then the Seifert
fibration of M is unique up to isomorphism, and any homeomorphism on M is
isotopic to a fiber-preserving homeomorphism.
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Proposition 2.6. Suppose that Y is an orientable Seifert fibered space over an
orbifold B. Let χorb(B) be the orbifold Euler characteristic of B. Suppose that
f : Y → Y is an orientation preserving homeomorphism, X = Y ⋊f S
1. Then
there are three cases:
(1) If χorb(B) > 0, then vb1(X) = 1 or 2;
(2) If χorb(B) = 0, then vb1(X) ≤ 4;
(3) If χorb(B) < 0, then vb1(X) =∞.
Proof. If χorb(B) > 0, then Y is covered by S
1 × S2 or S3. If Y is covered by
S1× S2, Lemma 2.4 implies that X is covered by S2× T 2, so vb1(X) = 2. If Y
is covered by S3, then vb1(X) = 1.
If χorb(B) = 0, then Y is finitely covered by a torus bundle over S
1. So X
is covered by an iterated torus bundle. The discussion in Subsection 2.2 shows
that vb1(X) ≤ 4.
Now we consider the case χorb(B) < 0. By Lemma 2.1 and Proposition 2.3,
we may assume Y is a circle bundle over an oriented surface B with negative
Euler characteristic. By Theorem 2.5, f is isotopic to a fiber-preserving home-
omorphism. Let f : B → B be the map on B induced by f . Lemma 2.2 then
implies that a finite cover of X is a circle bundle over X, the mapping torus of
f . Since χ(B) < 0, vb1(X) =∞ by Theorem 1.1. So vb1(X) =∞.
2.5 Irreducible manifolds with nontrivial JSJ decomposi-
tion
Throughout this subsection, Y is an orientable irreducible manifold with
nontrivial JSJ decomposition, f : Y → Y is an orientation preserving homeo-
morphism, X = Y ⋊f S
1.
Theorem 2.7. Y, f,X are as above, then vb1(X) =∞.
Before we proceed, we remark that by Mostow’s Rigidity, any homeomor-
phism of a complete hyperbolic 3–manifold with finite volume is isotopic to a
periodic map, namely, some iteration of this homeomorphism is isotopic to the
identity map.
By the standard JSJ theory, f can be isotoped to send each JSJ piece to a
JSJ piece. After iterating f , we may assume f satisfies the following
Condition 2.8. The monodromy f sends each JSJ piece and each JSJ torus
to itself, and the restriction of f to each hyperbolic piece is the identity.
Lemma 2.9. X is finitely covered by a manifold X˜ = Y˜ ⋊ S1, such that each
JSJ piece of Y˜ is either hyperbolic or a Seifert fibered space over an orientable
orbifold with negative Euler characteristic.
Proof. By [26, Theorem 2.6], Y is finitely covered by a manifold Y˜ as in the
statement of the lemma. Our conclusion follows from Lemma 2.1.
Now we can work with Y˜ instead of Y . Iterating f again to ensure that it
satisfies Condition 2.8 and f induces an orientation preserving map on the base
of each Seifert fibered piece. Let T1, . . . , Te be the JSJ tori.
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Lemma 2.10. The restriction of f to each JSJ torus Tj is isotopic to the
identity. So the mapping torus of f |Tj is T
3.
Proof. If a JSJ torus Tj is adjacent to a hyperbolic piece, then it follows from
Condition 2.8 that f |Tj is isotopic to the identity. If both sides of Tj are Seifert
fibered pieces, then the Seifert fibers from the two sides are not parallel on Tj ,
otherwise we could glue the Seifert fibrations on the two sides together hence
Tj would not be a JSJ torus. Since f is orientation preserving and the induced
map on the base is also orientation preserving, f preserves the orientation of
the Seifert fibers. Since two Seifert fibers from two sides of Tj are linearly
independent in H1(Tj ;Q), f induces the identity on H1(Tj ;Q), hence is isotopic
to the identity.
Let Rj be the mapping torus of f |Tj , R = ∪Rj . Suppose Rj ⊂ ∂Xi.
Lemma 2.11. There exists a finite cover ρ : X˜ → X , so that there are two
components R′j , R
′′
j of ρ
−1(Rj), such that X˜ − (R
′
j ∪R
′′
j ) is connected.
Proof. By [21, Propositions 5 and 7], there exists a finite cover pi : Y˜ → Y , so
that there are two components T ′j , T
′′
j of pi
−1(Tj), such that Y˜ − (T
′
j ∪ T
′′
j ) is
connected. By Lemma 2.1, X is covered by a mapping torus X˜ = Y˜ ⋊f˜ S
1.
Iterating the monodromy f˜ if necessary, we may assume f˜(T ′j) = T
′
j , f˜(T
′′
j ) =
T ′′j . Let R
′
j , R
′′
j be the mapping tori of f˜ |T
′
j , f˜ |T
′′
j , then R
′
j , R
′′
j are components
of the preimage of Rj , and X˜ − (R
′
j ∪ R
′′
j ), being (Y˜ − (T
′
j ∪ T
′′
j )) ⋊ S
1, is
connected.
Theorem 2.7 easily follows from Lemma 2.11. In fact, the n–fold cyclic cover
of X˜ with respect to R′j will have b1 ≥ n+ 1.
2.6 Proof of Theorem 1.2
If Y is prime, then the Geometrization Theorem shows that either Y is
geometric or Y has a nontrivial JSJ decomposition. Now Theorem 1.2 follows
from Theorem 2.7, Propositions 2.6, and the discussions in Subsection 2.2 and
Subsection 2.3.
3 Symplectic mapping tori
3.1 Constructing symplectic structures
We begin with a construction of symplectic structures on a general class of
mapping tori.
Definition 3.1. Let f : Y → Y be an orientation preserving homeomorphism
of a closed, oriented, connected 3-manifold Y . We say that the pair (Y, f) is
fibered if Y admits a fibration over the circle such that f preserves the homology
class of the fiber.
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Lemma 3.2. If (Y, f) is fibered, then f is isotopic to a fiber preserving map
that preserves the orientation of the fibers.
Proof. Suppose (Y, f) is fibered with respect to a fibration p : Y → S1 with F
as a fiber. Since f∗([F ]) = [F ], there is an ambient isotopy of Y which takes
f(F ) to F . Hence f can be isotoped so that f(F ) = F . A further isotopy will
make f a fiber-preserving map with respect to the fibration p and f preserves
the orientation of the fibers.
Proposition 3.3. Every mapping torus X with (Y, f) fibered is symplectic.
Proof. By Lemma 3.2 X fibers over T 2. Now the statement follows from [35]
if the fiber genus of Y is not equal to one, and it follows from [17] if the fiber
genus is equal to 1.
3.2 The torus bundle case
In this subsection, we study the case that Y is covered by a T 2–bundle over
the circle.
Lemma 3.4. Suppose that Y is covered by a T 2–bundle over the circle, α ∈
H2(Y ;Z) is a primitive homology class. Then Y admits a T
2–fibration over S1
such that α is represented by a fiber.
Proof. We first consider the case that Y itself is a T 2–bundle over the circle.
Let ϕ be the monodromy of Y , F be a fiber of Y . Consider
k1 = rank ker(ϕ∗ − id : H1(T
2)→ H1(T
2)).
If k1 = 0, then H2(Y ) is generated by [F ], our conclusion obviously holds. If
k1 = 2, then Y = T
3, our conclusion also holds.
From now on we assume k1 = 1. Since H1(T
2) is torsion-free, there exists
a simple closed curve c ⊂ F representing a generator of ker(ϕ∗ − id). We may
isotope ϕ so that ϕ(c) = c. The complement of c×S1 is an annulus bundle over
S1, hence homeomorphic to T 2× I. So c×S1 is also a fiber of a fibration of Y .
H2(Y ) ∼= Z
2 is generated by [c× S1] and [F ]. Suppose α = p[c× S1] + q[F ].
Without loss of generality, we may assume p, q > 0. A surface representing α
can be obtained as follows. We take p copies of c× S1 and q copies of F , make
them transverse, then perform oriented cut-and-paste to them. The resulting
surface is a torus F ′ representing α. The complement of q copies of F is q copies
of T 2 × I, and each c × S1 intersects each T 2 × I in a vertical annulus, so we
see that the complement of F ′ is homemorphic to T 2× I. Hence F ′ is a fiber of
a T 2–fibration of Y . This finishes the proof when Y itself is a T 2–bundle over
S1.
If Y is covered by Y˜ = T 2⋊S1, let p : Y˜ → Y be the covering map. Since the
Thurston norm of Y˜ is zero, it follows from the fact that the singular Thurston
norm is equal to the Thurston norm [16] that the Thurston norm of α is zero,
so α is represented by a collection of disjoint tori. Since α is primitive, it is easy
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to see α is represented by an embedded torus T . The preimage p−1T consists
of several disjoint homologically essential tori, so the case we discussed before
implies that Y˜ − p−1(T ) consists of several copies of T 2 × I. Now Y − T is a
connected manifold covered by T 2 × I, and it has two boundary components
each homeomorphic to T 2, so Y − T = T 2 × I. Hence Y is a torus bundle with
fiber T .
Proposition 3.5. Suppose that Y is covered by a T 2–bundle over the circle,
f : Y → Y is an orientation-preserving homeomorphism, X = Y ⋊f S
1. Then
the following 4 conditions are equivalent:
(1) X admits a symplectic structure;
(2) b1(X) ≥ 2;
(3) there exists a T 2–fibration of Y such that f is fiber preserving and f preserves
the orientation of fibers;
(4) X is an orientable T 2–bundle over T 2.
Proof. (1)⇒(2). Let
ki = rank ker(f∗ − id : Hi(Y )→ Hi(Y )).
By Poincare´ duality k1 = k2. Moreover, by Mayer–Vietoris it is easy to see
b1(X) = k1 + 1, b2(X) = 2k1. Since X is symplectic, b2(X) > 0, so k1 ≥ 1,
hence b1(X) ≥ 2.
(2)⇒(3). Since b1(X) ≥ 2, k2 = k1 ≥ 1. Let α ∈ H2(Y ) be a primitive class in
ker(f∗−id). By Lemma 3.4, α represents a fiber F of a T
2–fibration p : Y → S1.
Our conclusion follows from Lemma 3.2.
(3)⇒(4). This follows from Lemma 2.2.
(4)⇒(1). This is a theorem of Geiges [17].
3.3 Symplectic Kodaira dimension and the virtual exten-
sion
A symplectic 4−manifold (X,ω) is said to be minimal if it does not contain
any symplectic sphere with self-intersection −1.
When (X,ω) is minimal, its symplectic Kodaira dimension is defined by the
products K2ω and Kω · [ω], where Kω is the symplectic canonical class:
κ(X,ω) =


−∞ K2ω < 0 or Kω · [ω] < 0
0 K2ω = 0 and Kω · [ω] = 0
1 K2ω = 0 and Kω · [ω] > 0
2 K2ω > 0 and Kω · [ω] > 0
For a general symplectic 4−manifold, the Kodaira dimension is defined as
the Kodaira dimension of any of its minimal models.
According to [22], κ(X,ω) is independent of the choice of symplectic form ω
and hence it will be denoted by κ(X).
If (X,ω) is symplectic, p : X˜ → X is a finite degree covering map, then X˜
has a symplectic form ω˜ = p∗ω, and Kω˜ = p
∗Kω. It was observed in [24] that
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κ(X) = κ(X˜). In light of this invariance property, we introduce the following
virtual version of κ.
Definition 3.6. Suppose X is virtually symplectic, let X˜ be any symplectic
manifold which finitely covers X . We define the virtual Kodaira dimension of
X by
vκ(X) = κ(X˜).
It is easy to check that vκ(X) is independent of the choice of X˜.
3.4 Symplectic mapping tori with non-positive κ
In this subsection Y is a prime 3−manifold.
We first make a simple observation.
Lemma 3.7. If X is a mapping torus admitting a symplectic structure ω, then
κ(X) ≤ 1.
Proof. Let X be a mapping torus with fiber Y . We first show that (X,ω) is
always minimal. Clearly pi2(X) = pi2(Y ). If (X,ω) is not minimal then pi2(Y )
is infinite. If Y has infinite pi2, since Y is assumed to be prime, Y = S
2 × S1.
And X = S2 × T 2, which is clearly minimal.
Notice that the Euler number of X is zero, and the signature of X is zero.
We have K2ω = 3σ(X) + 2χ(X) = 0, so κ(X) 6= 2 since (X,ω) is minimal.
Proof of Theorem 1.6. Suppose a mapping torus X is symplectic and κ(X) =
−∞. By the classification in [25], X must be an S2−bundle over T 2. From the
homotopy exact sequence, pi1(Y ) is a subgroup of Z ⊕ Z with quotient Z. It is
clear that pi1(Y ) = Z. The only such manifold is S
1 × S2. Then X = S2 × T 2.
If κ = 0, then by [23, 3] 2 ≤ vb1(X) ≤ 4. By Theorem 1.2, Y is covered by a
T 2–bundle over S1. Proposition 3.5 shows that X is a T 2–bundle over T 2.
Minimal symplectic 4–manifolds with κ = 0 have torsion symplectic canon-
ical class ([22]), and thus can be viewed as symplectic analogues of Calabi–Yau
surfaces. It is shown in [23] that symplectic CY surfaces are Z–homology K3
surface, Z–homology Enriques surface, and Q–homology T 2–bundles over T 2.
A basic problem is whether a symplectic CY surface must be diffeomorphic
to K3 surface, Enriques surface or a T 2–bundle over T 2.
It is shown in [36] and [8] respectively that nontrivial positive genus and
genus zero fiber sums do not give rise to any new symplectic CY surface.
Friedl and Vidussi [11] (and [7]) investigate this problem for circle bundles
over 3-manifolds and deduce the base must be a T 2−bundle. Furthermore, the
total space is shown to be finitely covered by a T 2−bundle over T 2, and if the
circle bundle has trivial or non-torsion Euler class, it is itself a T 2−bundle over
T 2.
It is recently observed in [4] that, if a symplectic CY surface (X,ω) fibers
over a 2−manifold, then X is a torus bundle over torus.
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Remark 3.8. As suggested by Saveliev, it might be possible to classify complex
mapping tori. One interesting example is the Inoue surface, which, topologically,
is a 3−torus bundle over S1 with infinite order monodromy and with homology
of S1 × S3.
4 Virtual symplecticity
The goal of this section is to prove Theorem 1.7.
In case (1) of Theorem 1.7, Y is either S1×S2 or RP 3#RP 3. By Lemma 2.4,
X is always covered by S2×T 2, so X is virtually symplectic and vκ(X) = −∞.
The case (2) of Theorem 1.7 immediately follows from Proposition 3.5.
From now on we consider case (3) of Theorem 1.7, namely, X is virtually
fibered with genus of fiber > 1.
Let (X,ω) be a symplectic 4−manifold with a Lagrangian torus L. By
Weinstein’s Lagrangian neighborhood theorem, there is a canonical Lagrangian
framing f of L. The corresponding push off is called the Lagrangian push off.
Denote the meridian of L by mL. Given a simple loop γ in L and an integer
k, the Luttinger surgery is the f−framed torus surgery whose regluing map is
specified by sending mL to a simple loop in the homology class [mL] + k[γf ]. It
was discovered by Luttinger in [27] that the resulting manifold admits symplectic
structures.
We will apply Luttinger surgery to the case that X = F × (S1 × S1) with a
product symplectic form, and L is a product Lagrangian torus of the form
α× p× S1 or β × S1 × p,
where F is a surface, α, β are simple loops in F , and p is a point in S1.
In this case the Lagrangian framing is easy to describe. In particular, the
Lagrangian push offs are still in the same product form.
Luttinger surgery is related to Dehn surgery in dimension 3. Suppose M
is a 3–manifold, K ⊂ M is a knot with a frame λ and meridian µ. For any
rational number pq , letM pq (K) be the manifold obtained fromM by doing Dehn
surgery on K with slope in the homology class p[µ]+q[λ]. Now supposeM ×S1
is a submanifold of a symplectic 4–manifold X , and K × S1 is a Lagrangian
submanifold such that λ × S1 is the Lagrangian framing. Then M1/k × S
1 is
obtained from M × S1 by a Luttinger surgery on K × S1 whose regluing map
sends mL to [mL] + k[λ× point].
For any simple closed curve α in a surface Σ, let τα be the positive Dehn
twist along α. The following fact is well-known.
Proposition 4.1. Suppose Σ is a surface in a 3–manifoldM , K ⊂ Σ is a knot.
Let λ be the frame on K specified by Σ, then M1/k(K) can also be obtained
from M by cutting open along Σ then regluing by τkK .
Suppose Y is finitely covered by a surface bundle Y˜ = F×ϕS
1 with g(F ) > 1.
By Nielsen–Thurston’s classification of surface automorphisms, there exists a
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collection of disjoint essential simple closed curve C ⊂ F , such that ϕ(C) is
isotopic to C. Moreover, F\C has two parts F1, F2, such that after an isotopy
ϕ(F1) = F1, ϕ(F2) = F2, ϕ1 = ϕ|F1 is freely isotopic to a pseudo–Anosov map,
and ϕ2 = ϕ|F2 is freely isotopic to a periodic map. Iterating ϕ if necessary, we
may assume ϕ|C = idC , ϕ1 maps each component of F1 to itself, and ϕ2 is freely
isotopic to idF2 . Let Yi = Fi ⋊ϕi S
1, then Y1 is hyperbolic and Y2 = F2 × S
1.
Now X is finitely covered by X˜ = Y˜ ⋊Ψ S
1. The monodromy Ψ can be
isotoped to a map which sends each hyperbolic JSJ piece of X˜ to a hyperbolic
piece, and each Seifert fibered piece to a Seifert fibered piece. Iterating Ψ if
necessary, we may assume Ψ1 = Ψ|Y1 = id and Ψ2 = ΨY2 maps each component
of Y2 to itself. We may also assume Ψ2 preserves the S
1–fibers in Y2 = F2×S
1,
so it induces a map ψ2 on F2. By Lemma 2.10, the restriction of Ψ to each
boundary component of Y2 is isotopic to the identity. Let Xi = Yi ⋊Ψi S
1, then
X1 = (F1 ⋊ϕ1 S
1)× S1, X2 = (F2 × S
1)⋊Ψ2 S
1.
The proof of Theorem 1.7 will be completed by the next proposition.
Proposition 4.2. There exists a symplectic form Ω on X˜ such that KΩ[F ] =
2g(F )− 2 and κ(X˜) = 1.
Proof. We start with the manifold F × S1 × S1, which is clearly symplectic.
Then we try to reconstruct X˜ by doing Luttinger surgeries on a collection of
disjoint Lagrangian tori in F × S1 × S1.
The automorphism ϕ is isotopic to a product of (positive or negative) Dehn
twists. Since ϕ|F2 = idF2 , we may assume
ϕ = τk1α1 ◦ τ
k2
α2 ◦ · · · ◦ τ
kn1
αn1 ,
where αi, i = 1, 2, . . . , n1, are simple closed curves supported outside the inte-
rior of F2
1, ki ∈ Z. Choose successive points p1, p2 . . . , pn1 ∈ S
1. By Proposi-
tion 4.1, the manifold
M1 = (F ⋊ϕ S
1)× S1
can be obtained from (F × S1) × S1 by Luttinger surgeries on the Lagrangian
tori
α1 × p1 × S
1, . . . , αn1 × pn1 × S
1, (2)
where the regluing map on αi × pi × S
1 sends the meridian m1i to a curve
in the homology class [m1i ] + ki[αi]. We see that M1 is the union of X1 and
(F2 × S
1)× S1.
Suppose that
ψ2 = τ
l1
β1
◦ τ l2β2 ◦ · · · ◦ τ
ln2
βn2
,
1The curves αi may not be supported in F1. Some of them may be components of C which
are adjacent to F2 on both sides.
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where βj ⊂ F2 are simple closed curves, lj ∈ Z. Choose successive points
q1, q2 . . . , qn2 ∈ S
1. In M1 ⊃ (F2 × S
1) × S1, we do further Luttinger surgeries
on the Lagrangian tori
β1 × S
1 × q1, . . . , βn2 × S
1 × qn2 (3)
where the regluing map on βj ×S
1× qj sends the meridian m
2
j to a curve in the
homology class [m2j ] + li[βj ]. By Proposition 4.1, the resulting manifold M2 is
a union of X1 with S
1 × (F2 ⋊ψ2 S
1).
Consider X2 = (F2 × S
1) ⋊Ψ2 S
1, which also has a circle bundle structure
X2 = S
1⋊(F2⋊ψ2S
1). Since F2 has no closed components and the restriction of
the bundle on the bundary of F2⋊ψ2 S
1 is trivial, the Poincare´ dual of the Euler
class e(X2) of this bundle can be represented by a (possibly disconnected) closed
curve in a fiber. The difference between the two circle bundles S1× (F2⋊ψ2 S
1)
and X2 is a twisting in the circle direction on the Poincare´ dual of e(X2). Let
q0 ∈ S
1\{q1, . . . , qn2} be a point, and β0 ⊂ F2 be a (possibly disconnected)
closed curve such that
β0 × q0 ⊂ F2 ⋊ψ2 S
1
represents this Poincare´ dual. Then X˜ can be obtained fromM2 ⊃ S
1×(F2⋊ψ2
S1) by doing Luttinger surgeries on
β0 × S
1 × q0 (4)
where the gluing map on each component βl0 × S
1 × q0 sends the meridian ml
to a curve in the homology class [ml] + [point× S
1 × q0].
Now X˜ is obtained from F × T 2 by doing Luttinger surgeries on disjoint
Lagrangian tori in (2), (3), (4). So it has a symplectic form Ω. Let p ∈
S1\{p1, . . . , pn1}, q ∈ S
1\{q0, q1, . . . , qn2}, then F ×p×q ⊂ F ×T
2 is a symplec-
tic surface disjoint from the previous Lagrangian tori, and KF×T 2 [F × p× q] =
2g(F )− 2. Since the symplectic structure is unchanged outside a neighborhood
of the Lagrangian tori, in X˜ we also have KΩ[F × p× q] = 2g(F )− 2.
Finally, by Lemma 3.7 and Theorem 1.6, κ(X˜) = 1. Hence vκ(X) = 1.
We remark that, whenever Y is virtually fibered and X is virtually symplec-
tic, by Theorem 1.7 we have vκ(X) = κt(Y ). Here κt is the topological Kodaira
dimension of 3−manifolds introduced in [37] by Weiyi Zhang.
5 Discussion on reducible fibers
When the fiber is reducible, the monodromy is more complicated than the
case of irreducible 3–manifolds [29]. We make the following two conjectures.
Conjecture 5.1. Suppose X = Y ⋊S1 is a 4–manifold. If Y is reducible, then
vb1(X) =∞ unless Y = S
2 × S1 or RP 3#RP 3.
Conjecture 5.2. Suppose X = Y ⋊ S1 is a sympectic 4–manifold. If Y is
reducible, then Y = S2 × S1 and X = S2 × T 2.
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Definition 5.3. A group G is residually finite, if for any nontrivial element
α ∈ G, there exists a finite index normal subgroup H ⊳ G, such that α /∈ H .
It is well known that the fundamental group of a Haken 3–manifold is resid-
ually finite [19]. In fact, the Geometrization Conjecture implies that any 3–
manifold group is residually finite.
The reason that in Conjecture 5.1 we exclude S2×S1 and RP 3#RP 3 is the
following lemma.
Lemma 5.4. Suppose that Y is a closed orientable reducible 3–manifold, and
Y is not S2 × S1 or RP 3#RP 3, then Y has a finite cover of the form (S2 ×
S1)#(S2 × S1)#Z for some 3–manifold Z.
Proof. By our assumption, we may assume Y = Y1#Y2, where Y1 6= S
3 and
|pi1(Y2)| > 2. By the residual finiteness of 3–manifold groups, Y2 has a finite
cover Y˜2 of degree d > 2. Hence Y is d–fold covered by dY1#Y˜2. Again by the
residual finiteness, there is a surjective map ρ : pi1(Y1)→ G with |G| <∞. We
can construct a surjective map ρ : pi1(dY1#Y˜2) → G, such that the restriction
of ρ on pi1(Y˜2) is trivial, and the restriction of ρ on each of the d pi1(Y1) factors
is ρ. Let Y˜ be the cover of dY1#Y˜2 corresponding to ker ρ. Let S1, . . . , Sd−1
be separating spheres in dY1#Y˜2 which separates the d punctured copies of Y1,
then each Si lifts to |G| disjoint spheres. Let S˜i be one of the lifts of Si. Then
the complement of S˜1 ∪ · · · ∪ S˜d−1 in Y˜ is connected. Thus Y˜ has a connected
summand (d− 1)S2 × S1.
When the monodromy is the identity, Conjecture 5.2 holds true by the work
of McCarthy [28]. Baykur and Friedl [5] proved Conjecture 5.2 in the case
that the monodromy preserves a separating essential sphere. Below we give a
plausible but not rigorous argument to prove Conjecture 5.2.
If X is as in Conjecture 5.2, then by Lemmas 2.1 and 5.4 we may assume
Y has an S1 × S2 summand, so the Monopole or Heegaard Floer homology of
Y with certain twisted coefficients is zero [31]. The monodromy induces a map
on the Floer homology of Y [20]. The Seiberg–Witten or mixed invariant of the
mapping torus should be the Lefschetz number of the map on Floer homology
[15], hence should be zero. By the work of Taubes [34], X cannot be symplectic.
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